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We investigate the impurity scattering rates for quasi-particles in vortex cores of sign-reversing
s-wave superconductors as a probe to detect the internal phase difference of the order parameters
among different Fermi surfaces. The impurity scattering rates and coherence factors are related to
quasiparticle interference effect by the scanning tunneling microscopy and spectroscopy technique.
With use of the Born and Kramer-Pesch approximations for the Andreev bound states, we show that
the sign-reversed forward scatterings are dominant in vortex cores. Owing to the coherence factor in
vortex cores of ±s-wave superconductors, the impurity scattering rate of the Andreev bound states
has a characteristic distribution on the Fermi surfaces. For comparison, the impurity scattering
rates in vortex cores of s-wave and d-wave superconductors are also discussed.
PACS numbers: 74.20.Rp, 74.25.Op, 74.25.Bt
I. INTRODUCTION
The discovery of novel Fe-based superconductors has
attracted considerable attention because of high super-
conducting transition temperature.1 A ±s-wave pair-
ing symmetry has been theoretically proposed as a
candidate for the pairing symmetry in the Fe-based
superconductors.2–11 What we mean by superconductors
with the ±s wave pairing symmetry is multi-band su-
perconductors the pair-potentials of which are s-wave
within a Fermi surface but change in sign between differ-
ent Fermi surfaces. A detection of a sign change in the
pair potential between the Fermi surfaces would provide
a definitive evidence for the ±s-wave pairing-symmetry.
It is, however, difficult to detect such a relative phase in
spatially uniform systems. In order to develop a “phase-
sensitive” probe, the introduction of the inhomogeneities
such as interface, vortices and impurities are crucial.
As a phenomenon sensitive to the relative phase, the
formation of the Andreev bound states at a surface or
junction has been discussed in many papers12–23. With
use of this phenomenon, a phase-sensitive experiment
has been proposed in Refs. 24,25 to detect the ± s-wave
pairing-symmetry in the Fe-based superconductors.
Another phase-sensitive experiment, which is re-
lated to scattering off impurities and vortices, is the
measurement of quasiparticle interference (QPI) pat-
terns by the scanning tunneling microscopy/spectroscopy
(STM/STS) in superconductors26–32. The QPI was orig-
inally meant for the standing wave coming from elas-
tic scattering of electrons by steps or point disorders
on the surfaces of metals or semiconductors and was
firstly observed on the surfaces of Au33 and Cu34. Subse-
quently, the QPI was utilized to deduce the quasiparticle
spectrum of a cuprate superconductor Bi2Sr2CaCu2O8+δ
with d-wave pairing symmetry. Furthermore, Hanaguri
et al. have measured the dependence on magnetic
fields in QPI patterns in another cuprate superconduc-
tor Ca2−xNaxCuO2Cl2
30 and successfully worked out the
coherence factor of each quasi-particle scattering from
the spatial Fourier-transform of the ratio Z(r, V ) =
g(r, V )/g(r,−V ) of the conduction maps g(r, V ) =
dI/dV (r, V ) for the position r and the bias voltage ±V .
The field dependence of QPI in d-wave superconductors
has been theoretically studied in Refs. 31,32. The coher-
ence factor is a factor appearing in a scattering matrix el-
ement of quasi-particles in superconductors and it is sen-
sitive to the momentum dependence of the phase of the
pair-potential and the type of scatterers (non-magnetic
scatterers, magnetic scatterers or the spatial variation of
the pair-potentials). The QPI measurement is now be-
coming a brand-new phase-sensitive tool.
Recently, the QPI measurements in magnetic fields
have been done for the Fe-based superconductors
Fe(Se,Te)35. Their results suggest the ±s-wave pair-
ing symmetry in those materials. The QPI for the Fe-
based superconductors has been discussed theoretically
in Ref. 36.
In ±s-wave superconductors, the energy spectrum is
fully-gapped in the absence of magnetic fields and the
low energy excitations in the presence of magnetic fields
are exhausted by the localized modes around vortex cores
(the Caroli-deGennes-Matriconmode37). Those localized
modes can be regarded as the Andreev bound states when
the quasiclassical condition (that the coherence length is
much larger than the Fermi wave-length) is satisfied38–41.
For the ± s-wave superconductors, so far, (i) the contri-
bution to the QPI from those localized modes has not
been considered and (ii) neither the impurity scatter-
ing rate nor the coherence factor of the localized modes
around vortex cores has been derived explicitly. (iii) It
has not been studied whether the impurity scattering has
2nontrivial aspects near vortex cores of ±s wave supercon-
ductors. The latter two issues (ii) and (iii) are addressed
in the present paper.
The aim of this paper is two-fold. First we derive ex-
plicit expressions for the impurity scattering rate and the
related coherence factor of the Andreev bound states lo-
calized near vortex cores. Second, we present a novel
scattering property inherent to the Andreev bound states
in ± s-wave superconductors.
As a main result, we will show that the coherence fac-
tor of impurity scattering inside vortex cores is different
from that for quasi-particles in the bulk. The impurity
scattering rate Γk,k′ from the initial state k to the final
state k′ is large when the following conditions are satis-
fied. (i) The signs of the pair-potentials for k and k′ are
different and (ii) the Fermi velocities v(k) and v(k′) is
similar. We call the scattering for which (i) and (ii) are
satisfied “the sign-reversal forward scattering”. As an-
other result, we will demonstrate that those sign-reversal
forward scatterings can occur for quasi-particles in a sub-
stantial portion of the Fermi surfaces near vortex cores
in the ±s-wave superconductors.
The formulation and approximation which we will use
are outlined below. The impurity scattering rates of
the Andreev bound states in vortex cores have been
treated analytically42–45 within the quasiclassical Eilen-
berger theory46,47 for s-wave42,43 and chiral p-wave
superconductors.44,45 Those analytical results on the im-
purity scattering rates have been confirmed to be con-
sistent with numerical results of self-consistent Born
approximation.48,49 The analytical calculation of the An-
dreev bound states in vortex cores originates from the pa-
per by Kramer and Pesch38 in pure superconductors and
has been generalized to the impure case.42–44 We thus
call the method used in Refs. 43,44 the Kramer-Pesch
approximation in this paper. The quasiclassical theory
is applicable to Fe-based superconductors since the band
widths (∼ a few eV) are much larger than the maximum
of the superconducting gap (∼ 10meV). The iron-based
superconductors are known to be multi-band systems and
have multiple Fermi surfaces.3 Assuming that the intra-
band pairings are dominant, one can define the quasi-
classical Green functions on each band. One can then
solve the equation of motion of the quasiclassical Green
function near a vortex core and can obtain the analytical
expression for the impurity scattering rate with the Born
approximation in multi-band systems by extending the
method developed in Refs. 43,44
This paper is organized as follows. The Born approx-
imation and the quasiclassical approximation for multi-
band superconductors are presented in Sec. II. The gen-
eralization to multi-band superconductors is shown to
be straightforward when we assume that the intraband
pairings are dominant. The impurity self-energy in a
single vortex within the Kramer-Pesch approximation is
derived in Sec. III. The analytical expression for the im-
purity scattering rates Γk,k′ in vortex cores is derived.
The results are shown in Sec. IV. We discuss the coher-
ence effects on the scattering-angle dependence for the
cases of the sign-conserved and the sign-reversed scatter-
ings. We also calculate the q ≡ k′−k-dependence of the
impurity scattering rate for the isotropic s-wave, d-wave
and the isotropic ±s-wave superconductors, respectively.
The conclusion is given in Sec. V.
II. BORN APPROXIMATION AND
QUASICLASSICAL APPROACH
A. Orbital representation and Band representation
Let us consider two-dimensional superconductors. We
consider an n-orbital system which is a periodic crystal
with n atomic orbitals in a unit cell. We introduce a
Hamiltonian written as
H =
∑
k,σ,µ,ν
ǫk,µ,νc
†
kµσckνσ+
∑
k,µ,ν
(
∆k,µ,νc
†
kµ↑c
†
−kν↓ + h.c.
)
,
(1)
where the operator c†kµσ creates an electron with spin
σ and momentum k on the µ-th orbital. In the matrix
form, this Hamiltonian is a 2n×2n matrix in Nambu and
orbital spaces expressed as
Hˇo(kx, ky) =
(
Hˆo(kx, ky) ∆ˆ
o(kx, ky)
∆ˆo†(kx, ky) −Hˆo(kx, ky)
)
, (2)
in the “orbital representation” where the basis functions
are atomic orbitals in a unit cell. Here Hˆo is the Hamilto-
nian in the normal state represented as an n× n matrix
in the orbital space and ∆ˆo is the superconducting or-
der parameter. From now on, the subscript “o” indicates
that matrices are represented with the orbital basis, hat
aˆ denotes an n×n matrix in the orbital space and check
aˇ denotes a 2n×2n matrix composed of the 2×2 Nambu
space and the n × n orbital space. The unperturbed
2n × 2n Green function in the orbital representation is
defined as
Gˇo0(kx, ky ; iωn) = [iωn1ˇ− Hˇo(kx, ky)]−1. (3)
Here ωn is the Fermion Matsubara frequency.
We also introduce an n× n Hamiltonian in the “band
representation” defined by
Hˆb(kx, ky) ≡ Pˆ−1(kx, ky)Hˆo(kx, ky)Pˆ (kx, ky), (4)
=


λ1 0 0
0
. . . 0
0 0 λn

 . (5)
Here λi (i = 1, 2, · · · , n) denotes the i-th largest eigen-
value. Pˆ is a unitary matrix consisting of the eigenvectors
for the Hamiltonian Hˆo(kx, ky). The 2n × 2n Hamilto-
nian in Nambu and orbital spaces in the “band represen-
3tation” is also defined by
Hˇb(kx, ky) ≡ Uˇ−1(kx, ky)Hˇo(kx, ky)Uˇ(kx, ky), (6)
=
(
Hˆb ∆ˆb
∆ˆb† −Hˆb
)
, (7)
where
Uˇ(kx, ky) ≡
(
Pˆ (kx, ky) 0
0 Pˆ (kx, ky)
)
, (8)
∆ˆb ≡ Pˆ−1∆ˆoPˆ . (9)
The unperturbed 2n × 2n Green function in the band
representation is written as
Gˇb0(kx, ky; iωn) = Uˇ(kx, ky)
−1Gˇo0(kx, ky; iωn)Uˇ(kx, ky).
(10)
In general, ∆ˆb contains off-diagonal elements, which cor-
respond to inter-band pairings.
B. Born approximation
We consider the Green function under the influence
of a lot of weak impurities. The Green function with
the Born approximation in the orbital representation is
written as
Gˇo(k) = Gˇo0(k) + Gˇ
o
0(k)Σˇ
o(k)Gˇo0(k), (11)
where
Σˇo(k) ≡ nimp
∫
dk1
(2π)2
uˇ(k − k1)Gˇo0(k1)uˇ(k1 − k),(12)
uˇ(k) ≡
(
uˆ(k) 0
0 −uˆ(k)
)
. (13)
Here nimp is the concentration of impurity atoms, uˆ(k)
is the impurity potential. By substituting eq. (10) into
eq. (11), the Green function in the band representation
is written as
Gˇb(k) = Gˇb0(k) + Gˇ
b
0(k)Σˇ
b(k)Gˇb0(k), (14)
where
Σˇb(k) ≡ nimp
∫
dk1
(2π)2
vˇ(k,k1)Gˇ
b
0(k1)vˇ(k1,k), (15)
vˇ(k,k1) ≡ Uˇ(k)−1uˇ(k − k1)Uˇ(k1). (16)
It should be noted that the impurity potential in the band
representation vˇ(k,k1) is a function of k and k1, not a
function of k − k1. Assuming that intraband pairings
are dominant, we neglect the off-diagonal (interband) el-
ements in ∆ˆb. In this case, the normal and anomalous
parts of the self-energy Σˆb,N(k), Σˆb,A(k) are expressed
as
Σˆb,Nij (k) = nimp
∫
dk1
(2π)2
∑
m
vˆim(k,k1)Gˆ
b
0,mm(k1)vˆmj(k1,k), (17)
Σˆb,Aij (k) = nimp
∫
dk1
(2π)2
∑
m
vˆim(k,k1)Fˆ
b
0,mm(k1)vˆmj(k1,k), (18)
where50,
vˆ(k,k1) ≡ Pˆ (k)−1uˆ(k − k1)Pˆ (k1), (19)
Gˇb0 ≡ −
(
Gˆb0 Fˆ
b
0
Fˆ b†0 − ˆ¯Gb0
)
. (20)
Here the symbols i,j,m denote the band indices. For
simplicity, we assume that the perturbed Green function
Gˇb is diagonal in the band space. For example, the Green
function in a two-band system is written as11,51–53
Gˇ =


Gα 0 Fα 0
0 Gβ 0 Fβ
−F †α 0 G¯α 0
0 −F †β 0 G¯β

 . (21)
Under this assumption, one can regard the self-energy as
diagonal with respect to the band index.
C. Quasiclassical Green functions
We assume |∆bii| ≪ EF . This relation is satisfied in
most of systems such as conventional superconductors
and the Fe-based ones since the band width is a few eV
and the superconducting order parameter is the order of
10meV in these materials. In this case, one can use a
quasiclassical approximation.41,46,47
Since the Green function Gˆb0,mm(k1) is localized
around the Fermi wave vector as a function of wave vec-
tor km1F on the m-th band, the self-energy on the i-th
band Σˆb,Ni (k) ≡ Σˆb,Nii (k) is written as
4Σˆb,Ni (k) ∼ nimp
∑
m
∫ dS
F,kˆm
1
(2π)2v
F,kˆm
1
vˆim(k, kˆ
m
1 )
(∫
dξkm
1
Gˆb0,mm(k
m
1 )
)
vˆmi(kˆ
m
1 ,k). (22)
Σˆb,Aii (k) can be rewritten in a similar way. Here kˆ
m
1 de-
notes the unit vector on the m-th band in the direction
of km1 , vF,kˆm
1
is the modulus of the Fermi velocity on the
m-th band and dS
F,kˆm
1
is the Fermi-surface area element
on the m-th band. We introduce the functions written
as
∆(kF ) ≡
∑
m
δkF ,kmF ∆m(k
m
F ), (23)
v(kF ,k
′
F ) ≡
∑
m,m′
δkF ,kmF δk′
F
,km
′
F
vˆmm′(kF ,k
′
F ), (24)
g(kF ) ≡
∑
m
δkF ,kmF
∮
dξkmGˆ
b
mm(k
m), (25)
f(kF ) ≡
∑
m
δkF ,kmF
∮
dξkm Fˆ
b
mm(k
m), (26)
where the integral
∮
dξkm should be read as the contri-
butions from poles close to the Fermi surface on the m-th
band. With use of the above functions, the normal and
anomalous parts of the self-energy are written, respec-
tively, as
ΣN(kF ) = nimp〈|v(kF ,k1,F )|2g(k1,F )〉FS1 ,
(27)
ΣA(kF ) = nimp〈|v(kF ,k1,F )|2f(k1,F )〉FS1 ,
(28)
where,
〈A(k1,F )〉FS1 ≡
∫
dSF (k1,F )
(2π)2vF (k1,F )
A(k1,F ) (29)
≡
∑
m
∫ dS
F,kˆm
1
(2π)2v
F,kˆm
1
A(kˆm1 ). (30)
Here we introduce the effective single-band Fermi sur-
face as shown in Fig. 1, since the relation kmF 6= km
′
F is
always satisfied for m 6= m′. Therefore, one can regard
the n-band system as a disconnected single-band system
omitting the band index m and be allowed to translate
an n× n matrix aˆ into a scalar a from now on.
In the quasiclassical approximation, the self-energy can
be determined as a local value Σ(r,kF).
41 Therefore, one
can calculate the self-energy by substituting g(r,k1) into
Eq. (27) in inhomogeneous systems.
We introduce the quasiclassical Green function gˇ de-
fined by
gˇ(z, r,kF ) ≡
(
g f
−f˜ −g
)
, (31)
FIG. 1: Schematic figure of the effective Fermi surface.
which is a 2 × 2 matrix in the Nambu space and is a
function of complex frequency z, the Fermi wave vector
kF , a point r = r(cosφ, sin φ) in real space. From now
on, check aˇ denotes a 2 × 2 matrix in the Nambu space.
The equation of motion for gˇ is written as
− ivF (kF ) ·∇gˇ =
[
zτˇ3 − ∆ˇ(r,kF )− Σˇ, gˇ
]
, (32)
supplemented by the normalization condition
gˇ2 = −π21ˇ. (33)
Here ∆ˇ is given by
∆ˇ(r,kF ) =
(
0 ∆(r,kF )
−∆∗(r,kF ) 0
)
, (34)
and Σˇ(z, r,kF ) denotes the self-energy
Σˇ(z, r,kF )
= nimp〈|v(kF ,k1,F )|2gˇ(z, r,k1,F )〉FS1 , (35)
and τˇ3 is a Pauli matrix in the Nambu space. In this pa-
per, we consider the case where gˇ is an analytic function
of z in the upper half complex plane. Setting z = ǫ + iδ
with infinitesimal positive δ, we obtain the retarded
Green function. We use a special parameterization of
the quasiclassical Green function to solve eq. (32).44,54–58
The solution gˇ of eq. (32) can be written as
gˇ =
−iπ
1 + ab
(
1− ab 2ia
−2ib −(1− ab)
)
. (36)
Here a and b are the solutions of the following Riccati
differential equations:
vF (kF ) ·∇a = −2(−iz + iΣ11)a
−a2(∆∗ − Σ21) + (∆ + Σ12), (37)
vF (kF ) ·∇b = +2(−iz + iΣ11)b
+b2(∆ + Σ12)− (∆∗ − Σ21), (38)
with Σˇ = {Σij}i,j=1,2. In the parameterization(36), the
normalization condition (33) is automatically satisfied.
For simplicity, we solve the Riccati differential equations
under a given form of pair potential.
From now on, we drop the subscript F ; e.g. vF → v
and kF → k.
5III. DERIVATION OF IMPURITY
SCATTERING RATE AROUND A VORTEX
A. Kramer-Pesch approximation
In this section, we explore low energy quasiparti-
cle(QP)s around a single vortex and impurity effects
within the scheme of quasiclassical theory46,47. Low en-
ergy QPs around a vortex have been discussed analyt-
ically and numerically38,43–45,48,49,51,57–61. In the ab-
sence of impurities, the low energy spectrum derived by
Kramer and Pesch38 within the quasiclassical approx-
imation essentially coincides with that of the Caroli-
deGennes-Matricon mode37. Even in impure and mod-
erately clean superconductors, the contributions to the
quasiclassical Green function from low energy QPs has
been successfully worked out through a variant of the
method used by Kramer and Pesch43,44,48. From the pole
of the quasiclassical Green function, we can obtain the
spectrum and energy width of low energy QPs. In the
quasiclassical theory, each QP has a definite momentum
even in the presence of vortices. The energy width γk of
QP with momentum k consists of the impurity scatter-
ing rate Γkk′ from the initial state (with momentum k)
to the final state with momentum k′. From the expres-
sion for Γkk′ , we can deduce the coherence factor in the
impurity scattering between the Andreev bound states
around a vortex.
Equations (37) and (38) contain ∇ only through v ·∇
and hence these equations become one-dimensional prob-
lems on a straight line(quasiclassical trajectory) parallel
to the Fermi velocity v(k) for a given momentum k. We
denote by aˆ and bˆ the unit vectors along the crystal axes
X and Y , respectively. As proper coordinates to describe
the quasiclassical trajectory, we introduce s and y by
r = Xaˆ+ Y bˆ, (39)
≡ svˆ + yuˆ, (40)
with (
vˆ
uˆ
)
≡
(
cos θv sin θv
− sin θv cos θv
)(
aˆ
bˆ
)
. (41)
Here θv is the angle between aˆ and vˆ, the latter of which
is the unit vector parallel to v(k). The symbol s denotes
the path along the trajectory and y is the impact parame-
ter of QP on the trajectory. We consider an axisymmetric
single vortex located at r =
√
X2 + Y 2 =
√
s2 + y2 = 0
and take the pair potential of the form
∆(k, r) = ∆∞d(k)f(r)
X + iY
r
= ∆∞d(k)f(r)e
iθv
s+ iy
r
. (42)
Here d(k) describes the variation of the pair potential in
momentum space (e.g., d(k) = 1 for s-wave superconduc-
tors and d(k) = kxky/(k
2
x+k
2
y) for a d-wave superconduc-
tor). ∆∞|d(k)| denotes the modulus of the pair-potential
far away from the vortex (∆∞ > 0). The function f(r)
describes the spatial variation of the modulus of the pair
potential and satisfies f(0) = 0, limr→∞ f(r) = 1. .
In the Kramer-Pesch approximation within the Riccati
formalism in impure superconductors, we expand a and b
in Eqs.(37) and (38) with respect to the impact parame-
ter y, the complex frequency z and the self-energy. Near
a vortex, the superconducting pair potential up to with
respect to y can be written as
∆(k, r) = ∆0 +∆1 +O(y2) (43)
with
∆0 = f(|s|)sign(s)∆∞d(k)eiθv , ∆1 = i y
s
∆0. (44)
Following Refs. 44 and 60, we obtain a and b as
a = a0 + a1 +O(z2, y2,Σ2, zy, zΣ, yΣ)
b = b0 + b1 +O(z2, y2,Σ2, zy, zΣ, yΣ) (45)
with
a0 = − sign(d(k))eiθv , (46)
b0 = sign(d(k))e
−iθv , (47)
a1 =
2ieu(s,k)
|v(k)|
∫ s
−∞
ds′
(
a0(z − Σ˜) + y
s′
∆0
)
e−u(s
′,k),
(48)
b1 =
2ieu(s,k)
|v(k)|
∫ s
∞
ds′
(
−b0(z − Σ˜) + y
s′
∆†0
)
e−u(s
′,k).
(49)
Here we have introduced the following functions:
Σ˜(z, r,k) ≡ Σ11 − i
2
sign(d(k))
(
eiθvΣ21 + e
−iθvΣ12
)
,(50)
u(s,k) =
2|d(k)|∆∞
|v(k)|
∫ |s|
0
ds′f(s′). (51)
At a small |z| and a small impact parameter y, the Green
function is thus written as44,60
gˇ ∼ −2πi
a1b0 + a0b1
Mˇ(k),
∼ π|v(k)|Mˇ(k)e
−u(s,k)
2C(k)(z − E(y,k)− Σ¯(z, y,k)) (52)
with
Mˇ(k) ≡
(
1 ia0
−ib0 −1
)
, (53)
C(k) =
∫ ∞
0
e−u(s,k)ds, (54)
E(y,k) = yF (k), (55)
F (k) =
∆∞|d(k)|
C(k)
∫ ∞
0
f(s)
s
e−u(s,k)ds, (56)
Σ¯(z, y,k)
=
1
2C(k)
∫ ∞
−∞
Σ˜(z, s, y,k)e−u(s,k)ds. (57)
6In the absence of impurities, Σ¯(z, y,k) vanishes and the
quasiclassical Green function has the pole at z = E(y,k),
which is regarded as energy of QPs; correspondingly, the
Andreev approximation of Bogoliubov-deGennes equa-
tion yields QP bound state with energy E(y,k), the
wave function of which is localized near a vortex62. A
schematic picture of an Andreev bound state in a vor-
tex core is given, e.g. in Fig. 1 of Ref. 40 (b and x
in Ref. 40 correspond, respectively, to −y and s in the
present paper). Further we remark that E(y,k) for two-
dimensional s-wave superconductors (d(k) = 1) reduces
to the same form as that of Caroli-deGennes-Matricon
mode37(Recall that y is the impact parameter with re-
spect to the vortex center and hence the angular momen-
tum L parallel to aˆ×bˆ is given by L = −ky). The validity
of the Kramer-Pesch approximation has been studied by
Mel’nikov et al. by comparing with numerical results of
the Bogoliubov-de Gennes equation63. They showed that
Kramer-Pesch approximation provides a reasonable de-
scription of the low-energy quasiparticle spectrum behav-
ior when the radial profile of the pair-potential is given.
Now we return to the system with impurities. Perform-
ing analytical continuation z → ǫ+ iδ, the quasiclassical
Green function becomes
gˇ(ǫ + iδ,k, r)
∼ πv(k)Mˇ (k)
2C(k)(ǫ − E(y,k)− E′(ǫ,k) + iγ(ǫ,k)) , (58)
with
E′(ǫ,k) = ReΣ¯(ǫ+ iδ, y = ǫ/F (k),k),
γ(ǫ,k) = −ImΣ¯(ǫ+ iδ, y = ǫ/F (k),k) ≥ 0. (59)
E′(ǫ,k) and γ(ǫ,k) represent the QP energy shift and
energy width due to impurities, respectively. We con-
sider sufficiently clean superconductors so that the (non-
selfconsistent) Born approximation is valid. For those
systems, both E′(ǫ,k) and γ(ǫ,k) are small and gˇ is large
when ǫ = yF (k) is satisfied. We have thus fixed the value
of y to be ǫ/F (k) in Eq. (59). In the following, we ignore
the effect of E′(ǫ,k) and we discuss the energy width
γ(ǫ,k) in more detail.
B. Energy width and impurity scattering rate
In pure superconductors, the Green function near a
vortex core at low energy can be written as
gˇ0(ǫ+ iδ, r,k) ∼ π|v(k)|e
−u(s,k)
2C(k)
ǫ− E(y,k)− iδ
(ǫ− E(y,k))2 + δ2 Mˇ,
(60)
where E(y,k) has been given in Eqs. (55) and (56). By
substituting Eq. (60) into Eq. (35), the self-energy is writ-
ten as
Σij(ǫ+ iδ, s, y,k) = nimp
〈
|vk,k1 |2
π|v(k1)|e−u(s′′,k1)
2C(k1)
ǫ− E(y′,k1)− iδ
(ǫ − E(y′,k1))2 + δ2 Mˇij
〉
FS1
. (61)
Here we introduce the coordinates (s′′, y′) in the direction of the momentum k1:
y′ = s sin(θv − θv′) + y cos(θv − θv′), (62)
s′′ = s cos(θv − θv′)− y sin(θv − θv′), (63)
where θv′ is the angle between aˆ and the Fermi velocity v(k1). With use of the above equation and δ → 0, ImΣ˜(ǫ +
iδ, s, y,k) is written as
ImΣ˜(ǫ + iδ, s, y,k) = Im Σ11 − sign (d(k))
2
Re(eiθvΣ21 + e
−iθvΣ12) (64)
= −nimp
〈
|vk,k1 |2
π2|v(k1)|e−u(s′′,k1)
2C(k1)
M˜(k,k1)δ(ǫ − E(y′,k1))
〉
FS1
, (65)
with
M˜(k,k1) = M11 − sign (d(k))
2
Re(eiθvM21(k1) + e
−iθvM12(k1))
= 1− sign[d(k)d(k1))] cos(θv − θv′). (66)
Expression (66) is regarded as the coherence factor of the Andreev bound state around a vortex. From Eqs. (57), (59)
and (65), we obtain the expression for the energy width as
γ(ǫ,k) = −
∫ ∞
−∞
ImΣ˜(ǫ+ iδ, s, y = ǫ/F (k),k)e−u(s,k)ds (67)
=
π2nimp
4C(k)
〈
|vk,k′ |2M˜(k,k′)
| sin(θv − θv′)|F (k′)C(k′)e
−u(s0,k)e−u(s
′
0
,k′)
〉
FS′
, (68)
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s0(k,k
′) =
ǫ
sin(θv − θv′)
(
1
F (k′)
− cos(θv − θv′)
F (k)
)
, (69)
s′0(k,k
′) = s0(k,k
′) cos(θv − θv′)− ǫ
F (k)
sin(θv − θv′), (70)
〈· · · 〉FS′ ≡
∫
· · · dS(k
′)
(2π)2v(k′)
. (71)
From (67) to (68), we have exchanged the order of the s-integration and 〈· · · 〉FS′ and performed the s-integration.
By expressing Eq. (68) as
γ(ǫ,k) =
∫
dS(k′)
(2π)2v(k′)
Γk,k′(ǫ) (72)
with
Γk,k′(ǫ) =
π2nimp|vk,k′ |2M˜(k,k′)v(k′)
4| sin(θv − θv′)|C(k)F (k′)C(k′)e
−u(s0,k)e−u(s
′
0
,k′), (73)
we read Γk,k′(ǫ) as the impurity scattering rate for the quasiparticles from the initial state k to the final state k
′ in
a vortex core. With use of the impurity scattering rate in the normal state,
Γk,k′(ǫ) = πnimp|vk,k′ |2 ≡ ΓNk,k′ (74)
we introduce the normalized impurity scattering rate
Γ˜k,k′(ǫ) =
Γk,k′(ǫ)
ΓNk,k′
=
πM˜(k,k′)v(k′)
4| sin(θv − θv′)|C(k)F (k′)C(k′)e
−u(s0,k)e−u(s
′
0
,k′). (75)
For superconductors with |d(k)| ∼ 1 and |v(k)| ∼
v isotropic or nearly isotropic on the Fermi surfaces,
C(k) ∼ v/∆∞ and F (k) ∼ v. Hence the depen-
dence on momentum transfer of the normalized impu-
rity scattering rate (75) mainly depends on the scatter-
ing angle (θv − θv′) and the sign-change of pair-potential
sign[d(k)d(k′)] (which QPs feel during the scattering pro-
cess). The normalized impurity scattering rate (75) also
depends on the spatial distribution of the wavefunction
e−u(s0,k) for QP with momentum k along the quasiclas-
sical paths and that with k′ . One can clearly define
the trajectory for the quasiparticles forming the Andreev
bound states as shown in Fig. 2. Therefore, we can dis-
cuss the impurity scattering in vortex cores, in detail as
presented in the next section.
For superconductors with strongly anisotropic |d(k)|
or |v(k)| on the Fermi surfaces (e.g. a d-wave supercon-
ductor), the momentum dependences of C(k) and F (k)
also affect the dependence of momentum transfer of the
normalized impurity scattering rate.
IV. PRELIMINARY ANALYSIS
A. Sign-conserved scattering
We consider the case where d(k)d(k′) > 0. In this case,
the sign of the pair potential does not change during the
scattering process. When the momentum dependence of
the impurity scattering matrix |vk,k′ |2 is not so large, the
scattering angle (θv − θv′) is the most important factor
for the impurity scattering rate. The dependence on the
scattering angle (θv − θv′) in Eq. (73) can be written as
Γ˜k,k′ ∝ 1− cos(θv − θv
′)
| sin(θv − θv′)| e
−u(s0,k)e−u(s
′
0
,k′). (76)
One can find that the forward scattering (θv − θv′ = 0)
is suppressed since the coherence factor becomes zero
1− cos(θv − θv′)
| sin(θv − θv′)| ∼ |θv − θv
′ |. (77)
In the case of the backward scattering (θv − θv′ = π),
in spite of the large coherence factor, the scattering rate
is small since the point of the scattering is far from the
vortex core so that the amplitude of the wavefunction of
QPs exp(−u(s0,k)) exp(−u(s0,k0)) becomes small with
large s0 and s
′
0 (see Fig. 2(b)).
8FIG. 2: Schematic figures of (a) the forward and (b) the back-
ward scatterings around a single vortex core in the low energy.
B. Sign-reversed scattering
In the case where d(k)d(k′) < 0, the dependence on
the scattering angle (θv − θv′) in Eq. (73) can be written
as
Γ˜k,k′ ∝ 1 + cos(θv − θv
′)
| sin(θv − θv′)| e
−u(s0,k)e−u(s
′
0
,k′). (78)
The backward scattering (θv − θv′ = π) in the present
case is suppressed by both the coherence factor and the
amplitudes of QP wavefunctions. When the impact pa-
rameters y and y′ are equal (i.e. when the radii of two
circles are equal in Fig. 2(a)), the forward scattering be-
comes large since the scattering point is near a vortex
core (θv − θv′ → 0, s0, s′0 → 0)(see Fig. 2(a)). When the
impact parameters y and y′ are nearly equal, the scatter-
ing rate becomes large at a small but finite angle where
the scattering point is near a vortex core.
It should be noted that these sign-reversed forward
(or nearly forward) scatterings hardly occur in single-
band superconductors because quasiparticles close to
each other in momentum space feel the same sign of
the pair potential. In multi-band superconductors with
electron and hole circular-like Fermi surfaces such as Fe-
based materials, the inter-band scatterings can become
the sign-reversed forward scatterings. Let q denote the
momentum transfer q ≡ k′ − k. The q-dependence of
the impurity scattering rate is then anomalous in sign-
reversing s-wave superconductors since the intensity of
the sign-reversed forward scatterings is much larger than
that of all other scatterings.
-pi
0
pi
-pi 0 pi
k y
kx
α1
α2
β1
β2
FIG. 3: (Color online) Two hole Fermi surfaces α1, α2 and
two electron Fermi surfaces β1, β2.
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(a) d-wave symmetry
+
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k y
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(b) ±s-wave symmetry
+-
FIG. 4: (Color online) Schematic figures of the sign of the
pair functions for (a):d-wave and (b):±s-wave symmetries.
V. IRON-BASED SUPERCONDUCTORS
A. Model
We show the q-dependence of the impurity scattering
rate Γ˜k,k+q in two-band superconductors as simplified
models for the Fe-based superconductors. We consider
the system with two hole Fermi surfaces and two elec-
tron Fermi surfaces as shown in Fig. 3 since the Fe-based
superconductors have the multiple Fermi surfaces.64 The
hole Fermi surface α1 (α2) is located around (kx, ky) =
(0, 0) with the diameter 1.2/
√
2 (0.6/
√
2) and the elec-
tron Fermi surface β1 (β2) is located around (kx, ky) =
(π, 0) ((kx, ky) = (0, π)) with the diameter 0.8/
√
2.
For simplicity, the amplitude of the Fermi velocity is
taken to be isotropic on each Fermi surface in momentum
space. We set |v(k)| = v on the hole Fermi surfaces α1,
α2 and |v(k)| = 0.99v on the electron Fermi surfaces β1,
β2. We set the radial profile f(r) of the pair-potential as
tanh(r/ξ) with the coherence length ξ = v/(π∆∞). We
consider normalized scattering rate Γ˜k,k+q for various
superconducting pairing symmetries; the isotropic s-wave
d(k) = 1, the d-wave d(k) = −(k2x−k2y)/(k2x+k2y) and the
isotropic ±s wave d(k) = −1 for α bands and d(k) = 1
for β bands.
9FIG. 5: (Color online) q-dependence of the normalized impu-
rity scattering rate Γ˜k,k+q in the isotropic s-wave supercon-
ductors. The energy is ǫ = 0.3∆∞.
FIG. 6: (Color online) q-dependence of the normalized im-
purity scattering rate Γ˜k,k+q in the d-wave superconductors
d(k) = −(k2x − k
2
y)/(k
2
x + k
2
y). The energy is ǫ = 0.3∆∞.
B. Isotropic s-wave case
First, we consider the isotropic s-wave superconduc-
tivity. In this case, all scatterings are sign-conserved
scatterings. As shown in Fig. 5, the normalized impu-
rity scattering rate is finite everywhere in q-space. This
result is consistent with the result in Sec. IV. (A).
C. d-wave case
Next, we consider the d-wave superconductivity as
shown in Fig. 4(a). In this case, the scatterings between
β1 and β2 Fermi surfaces are dominant since some of
these scatterings are the sign-reversed forward scatter-
ings. More specifically, the scattering from (kx, ky) =
(0.4, π − 0.4) (θv = 0) on the β2 Fermi surface to
(kx, ky) = (π−0.4, 0.4) (θv′ = 0) on the β1 Fermi surface
is the sign-reversed forward scattering as shown in Fig. 7.
Recall that we define the forward scatterings as the ones
satisfying θv′ ∼ θv. From Eq. (78), one see that the impu-
rity scattering rate diverges for this scattering. It should
be noted that the condition for these sign-reversed for-
ward scatterings to exist is sensitive to the shape of the
Fermi surface and/or the direction of the Fermi velocity
-pi
0
pi
-pi 0 pi
k y
kx
sign-reversed forward scattering
+
-
FIG. 7: (Color online) The arrow denotes the sign-reversed
forward scattering in d-wave case.
FIG. 8: (Color online) q-dependence of the normalized im-
purity scattering rate Γ˜k,k+q in the isotropic ±s-wave super-
conductors. The energy is ǫ = 0.3∆∞.
in the d-wave superconductors.
D. Isotropic ±s-wave case
Finally, we consider the isotropic ±s-wave supercon-
ductivity as shown in Fig. 4(b). In this case, the inter-
band scatterings are dominant. As shown in Fig. 8, there
are the arc-like strong intensity distributions Γ˜k,k+q in
q-space. These intensity distributions are caused by the
sign-reversed forward scatterings from the arc-like re-
gions on the α1 or α2 Fermi surfaces to those on the β1 or
β2 Fermi surfaces. The regions where the sign-reversed
forward scatterings occur for the ±s-wave superconduc-
tors are broader than those for the d-wave superconduc-
tors. These properties are robust in the ±s-wave super-
conductors which has two or more Fermi surfaces as we
assume. As shown in Eq. (78), one of the most important
factors for the sign-reversed scatterings is the relation of
the directions of the Fermi velocity of the quasiparticles
before and after scatterings. In the systems with elec-
tron and hole Fermi surfaces such as the Fe-based super-
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conductors, the more the shapes of the Fermi surfaces
become similar to each other, the regions of the strong
intensity become broader in q-space.
VI. DISCUSSION
We discuss the energy dependence of the energy width
γ(ǫ,k) for the system with the Fermi surfaces shown in
Fig. 3. Let n (= 1, 2, 3, 4) be the index of the discon-
nected Fermi surface (α1, α2, β1, β2). We take the
modulus of the Fermi velocity and d(k) to be, respec-
tively, constants vn and dn within each Fermi surface.
The energy width then depends only on ǫ and n. Further
we approximate |vk,k′ |2 by the average |vk,k′ |2 over the
Fermi surfaces, for simplicity. By performing the Fermi-
surface-integration before the s-integration, the energy
width γ(ǫ,k) can then be written as
γ(ǫ,k) = γ(ǫ, n) =
nimp|vkk′ |2
4Cn
∑
n′
kn′vn′
Cn′Fn′
∫ ∞
0
Res′
|s′|2 e
−u(s′,n′)e−u(s,n)Mn,n′(ǫ, s)ds, (79)
with
Mn,n′(ǫ, s) = δn,n′ s
2F 2n
s2F 2n + ǫ
2
+ (1− δn,n′)
(
1− sign(dndn′)ǫ
2FnF
−1
n′
s2F 2n + ǫ
2
)
s′ ≡
√
s2 + ǫ2(F−2n − F−2n′ ). (80)
In Eq. (79), kn denotes the radius of the n-th Fermi surface.
Introducing the energy width in the normal state
γN =
∫
dSk′
(2π)2v(k′)
ΓN(k,k′) ∼ nimp|vk,k′ |
2
2
∑
n′
kn′
vn′
, (81)
we obtain the normalized energy width γ˜(ǫ, n)
γ˜(ǫ, n) ≡ γ(ǫ, n)
γN
=
(
2Cn
∑
n′′
kn′′
v′′n
)−1∑
n′
kn′vn′
Cn′Fn′
∫ ∞
0
Res′
|s′|2 e
−u(s′,n′)e−u(s,n)Mn,n′(ǫ, s)ds. (82)
From Eq. (80), we see that the integral in Eq. (82)
diverges logarithmically when ǫ = 0 or
dndn′ < 0 and Fn = Fn′ , for n 6= n′. (83)
The divergence coming from Eq. (83) can be removed by
introducing a slight difference of dn or vn among different
Fermi surfaces. For numerical evaluation of γ˜(ǫ, n), we
take d1,2 = −1, d3,4 = 1, v1 = v2 = v, v3 = v4 = 1.25v,
ξ = v/(π∆∞) and f(r) = tanh(r/ξ).
As shown in Fig. 9, the normalized energy width γ˜(ǫ, n)
with n = 4 has logarithmic energy dependence, which has
been found also in the single-band s-wave case within the
Born approximation65. The energy dependence of the
normalized energy width γ˜(ǫ, n) with n = 1, 2, 3 is simi-
lar to this. We note that these results do not change in
the case of s-wave superconductors as shown in Fig. 9,
qualitatively. With use of Fig. 9, we discuss the validity
of our results. The non-selfconsistent Born approxima-
tion is valid when γ(ǫ, n)/ǫ≪ 1, which is rewritten as
γ˜(ǫ, n)
(
γN
∆∞
)
/
(
ǫ
∆∞
)
≪ 1. (84)
On the other hand, the Kramer-Pesch approximation is
valid when ǫ/∆∞ ≪ 1. The ratio γN/∆∞ is, roughly
speaking, the same magnitude of ξ/l with the mean
free path l in the normal state. When γN/∆∞ ∼ 0.1,
we see from Fig. 9 that the validity conditions of non-
selfconsistent Born and Kramer-Pesch approximations
hold when
0.07≪ ǫ
∆∞
≪ 1. (85)
When γN/∆∞ ∼ 0.01, on the other hand, our result is
valid when
0.01≪ ǫ
∆∞
≪ 1. (86)
Within the energy regions evaluated above, we can safely
discuss the physical implication of our results.
We discuss the dependence on the modulus of the
Fermi velocity in the normalized energy width. As shown
in Fig. 10, the energy width diverges when the ampli-
tudes of the Fermi velocity on the each Fermi surface are
same in the ±s-wave superconductor. Therefore, the pa-
rameter v3,4 = 0.99v1,2 used in Sec. V is in the range of
application.
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FIG. 9: (Color online) Energy dependence of the normalized
energy width γ˜(ǫ, n) with n = 4 in the isotropic ±s-wave and
s-wave superconductors.
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FIG. 10: (Color online) Fermi velocity dependence of the nor-
malized energy width γ˜(ǫ, n) with n = 4 in the isotropic ±s-
wave and s-wave superconductors. The energy is ǫ = 0.1∆.
Overall momentum dependence in Γ˜k,k+q in the pre-
vious section do not change qualitatively as shown in
Fig. 11 even when the Fermi velocities are taken to be
slightly different among the Fermi surfaces.
We have presented the results for two-dimensional sys-
tems because our study has been motivated by the Fe-
based superconductors. However, there exist the Fe-
based superconductors such as the 122- or 11-system66,67,
for which three-dimensionality of the band structure is
important. We note that our formulation can be eas-
ily generalized to three-dimensional systems with use of
the Fermi velocities projected on the plane perpendicu-
lar to a vortex.60 The Riccati equations (37) and (38)
for three-dimensional systems turn into the same form
as that for two-dimensional systems because of a trans-
lational symmetry along the direction of the vortex. Our
results do not change qualitatively when the Fe-based
superconductor has the three-dimensional Fermi surface,
since the sign-change of a pair-potential in the momen-
tum space is two-dimensional in the case of ±s-wave and
d-wave that we considered.
We discuss the relevance of the characteristic impu-
rity scattering rate in vortex cores in ±s-wave super-
FIG. 11: (Color online) q-dependence of the normalized im-
purity scattering rate Γ˜k,k+q in the isotropic ±s-wave su-
perconductors. The energy is ǫ = 0.3∆∞. The amplitude
of the Fermi velocity vF,n on α Fermi surface (n = 1, 2) is
vF,n = 0.8vF,m (m = 3, 4).
conductors to the QPI measurements. For quasiparti-
cles in the bulk, the Fourier-transform of the position-
dependent conductance g(r, V ) = dI(r, V )/dV is propor-
tional to the scattering rates or coherence factor of quasi-
particles. If we assume this relation holds near vortex
cores, then the impurity scattering rate for the Andreev
bound state could be deduced from g(r, V ) near vortex
cores. Indeed, the spatial resolution of the STM/STS
allows us to deduce the QPI patterns near vortex cores
selectively30. If the very strong arc-like peaks were ob-
served and the intensity near q = 0 is relatively small
in the Fourier-transform of g(r, V ), this would be a di-
rect evidence for the ±s-wave superconductivity. How-
ever, g(r, V ) is suffering from extrinsic effects coming
from the scanning feedback loop and hence the coher-
ence factor has been deduced from the Fourier-transform
of Z(r, V ) = g(r, V )/g(r,−V ) in Ref. 30. Thus, for a
direct comparison of our results with the experimental
results on QPI, it is required to calculate the contribu-
tion from the Andreev bound states to Z(r, V ) near vor-
tex cores. A future problem is an explicit calculation of
how novel properties of impurity scattering inside vor-
tex cores of ±s-wave superconductors are reflected in the
QPI measurements. Our findings on the coherence effects
inside vortex cores in the present paper would provide a
physical interpretation of the experimental and theoreti-
cal results on Z(r, V ).
VII. CONCLUSION
We studied the impurity effects in vortex cores of
various kinds of superconducting pairing symmetries.
We found that the sign-reversed forward scatterings are
dominant for these impurity scatterings by the Andreev
bound states in the low energy. The ±s-wave supercon-
ductivity yields strong arc-like peaks and weak intensity
near q = 0 in the Fourier-transform of dI/dV by the
STM/STS measurements. We discussed the relevance of
12
our results to the QPI measurements.
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